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Semi-Discrete Optimal Transport: 

Hardness, Regularization and Numerical Solution
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Optimal Transport: Old and New
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Nobel ‘75 Fields ‘10 Fields ‘18

Monge Hitchcock Kantorovich-Koopmans Vaserstein Brenier Villani Figalli



What is Optimal Transport?
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<latexit sha1_base64="7jliIUZf39wpGI99gty0RRXd5t0="></latexit>µ

<latexit sha1_base64="PnKEYI/vmUhEsmq43b+6+L0kpDk="></latexit>x

<latexit sha1_base64="2uZzkD+6w8pOrak9Zocx/ZT0Neo="></latexit>⌫

<latexit sha1_base64="D5vGMZjXmeInPtxwPvyXn4AHZ3c="></latexit>y

<latexit sha1_base64="rtQE9xfVQO4Pz7ZUSQCsq042fcU="></latexit>

T (x)

<latexit sha1_base64="hMRuHi2Y6Ke8bzLLHkBCg9jCofw="></latexit>

inf
T :X!Y

Eµ [c(x, T (x)]

s.t. T ]µ = ⌫

Nonconvex and infeasible!



What is Optimal Transport?
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<latexit sha1_base64="7jliIUZf39wpGI99gty0RRXd5t0="></latexit>µ

<latexit sha1_base64="PnKEYI/vmUhEsmq43b+6+L0kpDk="></latexit>x

<latexit sha1_base64="2uZzkD+6w8pOrak9Zocx/ZT0Neo="></latexit>⌫
<latexit sha1_base64="oIYwzYI1M51zwXHZrMpDvKDYJdo="></latexit>

inf
⇡2M(X,Y)

E⇡ [c(x, y)]

s.t. ⇡ 2 ⇧(µ, ⌫)

<latexit sha1_base64="JNUX4uI+A11ll1sttzPzWKW/3Hs="></latexit>y1
<latexit sha1_base64="5q6pjqILSxxgpKeknEsIpwgAVkk="></latexit>y2

<latexit sha1_base64="HHxTl5VgMkpvlsGZubSCp/+RUSc="></latexit>y3

Mass Splitting!

Infinite Dimensional LP



Discrete OP Problems
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<latexit sha1_base64="9Fagg0BBBFT7cuk/H7WENGz4MJc="></latexit>

O(2n)
<latexit sha1_base64="G1nY9tZ4kccxliiK12WGlzOnUjs="></latexit>

O(n4)
<latexit sha1_base64="Iu33BAGLsKrC2p4WKYghe05GRm0="></latexit>

O(n3.5)
<latexit sha1_base64="xBVOO1SfnyG4AZP7N9LXMlf4BzE="></latexit>

O(n2)

Dantzig Khachiyan Karmarkar Sinkhorn



Semi-Discrete OT Problems
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<latexit sha1_base64="ah9QWXOHsZZedWZCRn7SVc3HemE="></latexit>

⌫ =
nX

i=1

⌫i�yi

<latexit sha1_base64="sne8luHoDSzQ14/qXqAfVxth/Ik="></latexit>µ



Applications
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3D morphing [L14] Resource allocation [HS20]

Generative models [HS20]

Reconstruction of

early universe [LMHN21]



Applications
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Simulation of an incompressible

bi-phasic flow in a bottle [GWH18]

Free-surface fluid simulation with

Gallouet-Merigot scheme [GWH18]

Taylor-Rayleigh instability using

the Gallouet-Merigot scheme [GWH18]



Agenda
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 1- Complexity of OT?

 2- Smooth OT?

 3- Algorithms for OT?



NP

Computational Complexity
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Yes No

P

NP-Hard


NP-Complete

Harder than NP-Complete!

Hardest problem in NP!

Solvable in polynomial time with DTM!

Solvable in polynomial time with NTM!



Computational Complexity
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How many 
yes?

#P

P

#P-Hard


#P-Complete

Harder than #P-Complete!

Hardest problem in #P!

Solvable in polynomial time with NTM!

Solvable in polynomial time with DTM!



Computational Complexity of OT

Theorem 1. Computing the OT cost is #P-hard!
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Computational Complexity of OT

Theorem 1. Computing the OT cost is #P-hard!
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<latexit sha1_base64="wVEYDJLfIDcm2FNudKUWEPKBi2s="></latexit>

min
↵2[0,1]

Wc(µ, ⌫↵)



Computational Complexity of OT

Theorem 1. Computing the OT cost is #P-hard!
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<latexit sha1_base64="R2UH2yyfm0vr+hFj5wLMLncVw6U="></latexit>

argmin
↵2[0,1]

Wc(µ, ⌫↵) = volume of Knapsack polytope



Why is #P-hard?
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<latexit sha1_base64="zonSnUQx9MJdaonk/BhGg1fClmA="></latexit>

Wc(µ, ⌫) = min
⇡2⇧(µ,⌫)

E⇡ [c(x, y)]

Non-smooth Integrand! 



Why is #P-hard?
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<latexit sha1_base64="zonSnUQx9MJdaonk/BhGg1fClmA="></latexit>

Wc(µ, ⌫) = min
⇡2⇧(µ,⌫)

E⇡ [c(x, y)]

Smooth approximation! 



No algorithm can return the OT cost to 
within accuracy   in time                        

What is #P-hard?

17

Input: 1- two distributions representable by n bits

           2- Accuracy parameter  

Output: OT distance between two distributions

<latexit sha1_base64="WLFtlG6eFQcQDw6pv8/XMaWrhN0="></latexit>✏

<latexit sha1_base64="WLFtlG6eFQcQDw6pv8/XMaWrhN0="></latexit>✏
<latexit sha1_base64="np+jeCd18Zv325UZkSee7bK5zA0="></latexit>

O(poly(n) log(1/✏))



What is #P-hard?
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Input: 1- two distributions representable by n bits

           2- Accuracy parameter  

Output: OT distance between two distributions

<latexit sha1_base64="WLFtlG6eFQcQDw6pv8/XMaWrhN0="></latexit>✏

No algorithm can return the OT cost to 
within accuracy   in time                        <latexit sha1_base64="WLFtlG6eFQcQDw6pv8/XMaWrhN0="></latexit>✏

<latexit sha1_base64="np+jeCd18Zv325UZkSee7bK5zA0="></latexit>

O(poly(n) log(1/✏))
<latexit sha1_base64="mAycANSIsDD503fVMp9qZ4SNnV0="></latexit>

poly(1/")



Agenda
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 1- Complexity of OT? #P-Hard

 2- Smooth OT?

 3- Algorithms for OT?



Semi-discrete case
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<latexit sha1_base64="B8GJT43dDhZdH/hkz+8NT34wyjI="></latexit>

Wc(µ, ⌫) = sup
�2Rn

nX

i=1

⌫i�i � Eµ


max
i2[n]

�i � c(x, yi)

�

<latexit sha1_base64="ah9QWXOHsZZedWZCRn7SVc3HemE="></latexit>

⌫ =
nX

i=1

⌫i�yi

<latexit sha1_base64="sne8luHoDSzQ14/qXqAfVxth/Ik="></latexit>µ

c-transform:
<latexit sha1_base64="TgHQ1OAsKZ5mEO5tvntLCUPUT8w="></latexit>

 c(�, x)



Semi-discrete case
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<latexit sha1_base64="B8GJT43dDhZdH/hkz+8NT34wyjI="></latexit>

Wc(µ, ⌫) = sup
�2Rn

nX

i=1

⌫i�i � Eµ


max
i2[n]

�i � c(x, yi)

�

<latexit sha1_base64="ah9QWXOHsZZedWZCRn7SVc3HemE="></latexit>

⌫ =
nX

i=1

⌫i�yi

<latexit sha1_base64="sne8luHoDSzQ14/qXqAfVxth/Ik="></latexit>µ

smooth c-transform:
<latexit sha1_base64="szl2ITXSFN2/L16ir6dDmeHW4ho="></latexit>

 c(�, x) = log(
X

i2[n]

exp(�i � c(x, yj)))



Multinomial Logit Models
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Gumbel distribution

[McF73, B85, ASA88, VB98]

<latexit sha1_base64="u2rOqI3959THII+NOkxRDloM7DI="></latexit>

Ez⇠![max
i2[n]

ui + zi] = log(
nX

i=1

exp(ui))



Ambiguous Discrete Choice Models
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Fréchet Ambiguity Set 

[NST09, MNPTL14, FLW17]

<latexit sha1_base64="LSki4WHiFfF7gwR8l3bFpZ2UWzQ="></latexit>

⌦ = {! 2 M(Rn) : !(zi  s) = Fi(s)}

<latexit sha1_base64="zu5Oc4ZUsL4DKBh2PYC+3YHDcs4="></latexit>

sup
!2⌦

Ez⇠!


max
i2[n]

ui + zi

�



Ambiguous Discrete Choice Models

24[NST09, MNPTL14, FLW17]

<latexit sha1_base64="GxctVZDc7xGirSiR1ARCccdf59w="></latexit>

sup
!2⌦

Ez⇠!


max
i2[n]

ui + zi

�

= max
p2�n

X

i2[n]

uipi +

Z 1

1�pi

F�1
i (s)ds



Smooth OT

• Smooth c-transform


• Smooth OT
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<latexit sha1_base64="0wqpLhP2w+hmphGQexx4gVwtrUc="></latexit>

W c(µ, ⌫) = sup
�2Rn

nX

i=1

⌫i�i � Eµ

⇥
 c(�, x)

⇤

<latexit sha1_base64="EAnm1wiWOfnNSQWuLp5m49pC23U="></latexit>

 c(�, x) = sup
!2⌦

Ez⇠!


max
i2[N ]

�i � c(x, yi) + zi

�
<latexit sha1_base64="o7K0M2ZKRTWkONg0VB9vZRdCwng="></latexit>

 c(�, x) = max
i2[n]

�i � c(x, yi)



Regularized OT = Smooth OT

Theorem 2.
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<latexit sha1_base64="BXp44Lxv1SXWvUyUCUG4EijXY2g="></latexit>

Let f(s) =
R s
0 F�1(t)dt. Then we have

<latexit sha1_base64="l4K6AqUVlWr3HAli7Ti+8sXb6Zc="></latexit>

Df (⌧ k ⇢) =

Z

Z
f(d⌧/d⇢(z))⇢(dz)

<latexit sha1_base64="EQ1CodKNn7Z+RU2xP7qc16YXr/M="></latexit>

Fi(s) = min{1,max{0, 1� ⌫iF (�s)}}

<latexit sha1_base64="dQ/GLt2vj8KXHEBGfwC4+mb453I="></latexit>

W c(µ, ⌫) = inf
⇡2⇧(µ,⌫)

E⇡ [c (x, y)] +Df (⇡ k µ⌦ ⌫)

<latexit sha1_base64="6NsN9UegXhVzV0HyGUIB9tEM3L0="></latexit>

If ⌦ = {! 2 M(Rn) : !(zi  s) = Fi(s)} with



<latexit sha1_base64="Yp5nn7gaSBTyTNOkoB6DZCzYvKo="></latexit>

t�distributions =) Tikhonov regularization

Examples
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<latexit sha1_base64="YHcIEwycy5dfGfRwHH2nLWEjqWI="></latexit>

Exponential distributions =) KL divergence

<latexit sha1_base64="gryOSAuDnlcI9VdrxG4aSlTrmpc="></latexit>

Uniform distributions =) �2�divergence

<latexit sha1_base64="CvscHYkBQfmwFjEAPV/yTvsfoME="></latexit>

Pareto distributions =) Tsallis divergence



Agenda
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 1- Complexity of OT? #P-Hard

 2- Smooth OT = Regularized OT

 3- Algorithms for OT?



Averaged Stochastic Gradient Descent
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<latexit sha1_base64="Sckh270OekCDkAk4w43a5qPIUOQ="></latexit>

min
�2Rn

n
h(�) = Eµ [H(�, x)]

o

<latexit sha1_base64="7biyz2iNzMqSwODN/psRgj/NBao="></latexit>

x ⇠ µ =) r�H(�, x)

<latexit sha1_base64="JM5dLtuOTE58h8NQuU4d+yYi/Ks="></latexit>

Input: �0 2 Rn, ⌘ 2 [0, 1]
<latexit sha1_base64="MZDLFXihnmrZzruaemcaYoEJdZg="></latexit>

for t = 0, . . . , T � 1
<latexit sha1_base64="cIYmo5bRkfcsu3fzl5SS7bGSWxs="></latexit>

�t+1  �t � ⌘r�H(�t, xt)
<latexit sha1_base64="V0/HowKS2XFehkTLoZP7btDvxBk="></latexit>

endfor
<latexit sha1_base64="XoTKk/ubDnft1MgVAPKU+mJRZN8="></latexit>

Output: average(�0, . . . ,�T )
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•R-Lipschitz:

• L-Smooth:

• U-Strongly Convex:

• M-(Generalized) Self-Concordant:


Definitions

<latexit sha1_base64="w3rGpmbVXgUZcu+h8eAKtk6l4Yw="></latexit>

krh(�)�rh(�0)k  L k�� �0k

<latexit sha1_base64="cYgioz+/UNwmzIj178kPA8b42lY="></latexit>

(rh(�)�rh(�0))>(�� �0) � U k�� �0k2

<latexit sha1_base64="/ctTYkpAf62PJ0QHKvTMb7j82v4="></latexit>

v(s) = h(�+ s(�0 � �))
<latexit sha1_base64="OLOpaRRoyY2qQSx1O0ueCTA2L54="></latexit>����
d3v(s)

ds3

����  M k�� �0k d2v(s)

ds2

<latexit sha1_base64="v6Mk+x8pr2fa6+qzlCQ5n/w/e4U="></latexit>

|h(�)� h(�0)|  Rk�� �0k



Averaged Stochastic Gradient Descent
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<latexit sha1_base64="Sckh270OekCDkAk4w43a5qPIUOQ="></latexit>

min
�2Rn

n
h(�) = Eµ [H(�, x)]

o

<latexit sha1_base64="7biyz2iNzMqSwODN/psRgj/NBao="></latexit>

x ⇠ µ =) r�H(�, x)

<latexit sha1_base64="JM5dLtuOTE58h8NQuU4d+yYi/Ks="></latexit>

Input: �0 2 Rn, ⌘ 2 [0, 1]
<latexit sha1_base64="MZDLFXihnmrZzruaemcaYoEJdZg="></latexit>

for t = 0, . . . , T � 1
<latexit sha1_base64="cIYmo5bRkfcsu3fzl5SS7bGSWxs="></latexit>

�t+1  �t � ⌘r�H(�t, xt)
<latexit sha1_base64="V0/HowKS2XFehkTLoZP7btDvxBk="></latexit>

endfor
<latexit sha1_base64="XoTKk/ubDnft1MgVAPKU+mJRZN8="></latexit>

Output: average(�0, . . . ,�T )

Lipschitz:

Strongly Convex:

Self-Concordant:

[Tsy03, NV08, NJLS09, SST10, Lan12, Bac13, BM14]

<latexit sha1_base64="4yMZQIk/XkQlhrNjTXb8P1uIS90="></latexit>

O(1/
p

T )

<latexit sha1_base64="14tnq+k8+XkjYPJO40hiNsaUQso="></latexit>

O(1/T )

<latexit sha1_base64="14tnq+k8+XkjYPJO40hiNsaUQso="></latexit>

O(1/T )

Smooth:
<latexit sha1_base64="4yMZQIk/XkQlhrNjTXb8P1uIS90="></latexit>

O(1/
p

T )



<latexit sha1_base64="Cja5RSb+rGoNMLcdDBjJPc3Z/6g="></latexit>

x ⇠ µ =) r�H(�, x) = r� c(�, x)� ⌫

Averaged Stochastic Gradient Descent for OT

32

<latexit sha1_base64="Sckh270OekCDkAk4w43a5qPIUOQ="></latexit>

min
�2Rn

n
h(�) = Eµ [H(�, x)]

o

<latexit sha1_base64="dEpt8yi0tsgWptYes0whJRGOQmE="></latexit>

H(�, x) =  c(�, x)�
X

i2[n]

⌫i�i
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• 1-Lipschitz:

• L-Smooth:

• M-(Generalized) Self-Concordant:


Structural Results
<latexit sha1_base64="g5oG9GdyQvnqJVmt0arIG6WK5Eg="></latexit>

Theorem 3. If ⌦ = {! 2 M(Rn) : !(zi  s) = Fi(s)}, then  c is

<latexit sha1_base64="gIbltJYPrkWpB5VldQb3wx4G6XM="></latexit>

Fi is continuous

<latexit sha1_base64="2DIaiBf6U30fkvLcoVivz2Zpt0Y="></latexit>

Fi is L-Lipschitz

<latexit sha1_base64="oeOBbhxLySZuDnP7f8qb0XJDIzo="></latexit>

sup
s2F�1

i (0,1)

|d2Fi(s)/ds2|
dFi(s)/ds

 M



<latexit sha1_base64="Cja5RSb+rGoNMLcdDBjJPc3Z/6g="></latexit>

x ⇠ µ =) r�H(�, x) = r� c(�, x)� ⌫

Inexact Averaged Stochastic Gradient Descent
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<latexit sha1_base64="Sckh270OekCDkAk4w43a5qPIUOQ="></latexit>

min
�2Rn

n
h(�) = Eµ [H(�, x)]

o

<latexit sha1_base64="dEpt8yi0tsgWptYes0whJRGOQmE="></latexit>

H(�, x) =  c(�, x)�
X

i2[n]

⌫i�i

computing gradients = solving regularized LPs

numerical errors 



Inexact Averaged SGD

Theorem 4. 

35

<latexit sha1_base64="1UESvXa9n5kg3VDDpBc2Si6v4LI="></latexit>

Set "t  O(1/
p
t) and ⌘ = O(1/

p
T )

•Lipschitz:

• Smooth:

• Self-Concordant:

<latexit sha1_base64="fX9XjjzhNPUDXNSyy8PxtMw+ZuM="></latexit>

E
h
h
⇣

1
T

PT
t=1 �t�1

⌘i
� h(�?)  O(1/

p
T )

<latexit sha1_base64="ouGFMKeO8SB9ls1coaSmKMCyWKM="></latexit>

E
h
h
⇣

1
T

PT
t=1 �t

⌘i
� h(�?)  O(1/T ) +O(1/

p
T )

<latexit sha1_base64="KI07h8mtm1grMCUwKduxvcSUR3Y="></latexit>

E
h
h
⇣

1
T

PT
t=1 �t�1

⌘i
� h(�?)  O(1/T )



Convergence Behavior
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